A new approach to the generation of storm{associated ULF waves with discrete spectra (ion cyclotron harmonic waves) observed in the equatorial plasmasphere is presented. It is proposed that the appearance of waves with phase velocities smaller than the Alfv ¶ en velocity is connected with a strong dispersion of magnetosonic waves near the bi{ion frequency occurring in the presence of oxygen ions of ionospheric origin. The waves are generated by an instability involving hot oxygen ions with loss cone or ring like distributions. Such ions are found in the magnetosphere during magnetic storms. A simple analytical model of this instability is elaborated. It is shown that ULF wave observations on board Akebono satellite are in a reasonable agreement with the present theoretical approach. 
Introduction
A long time ago Russell et al. [1970] observed ULF (ultralow frequency) emissions on board the OGO 3 satellite in the equatorial plasmasphere. The wave spectrum was localized near the harmonics of proton gyrofrequency. The waves propagated almost perpendicular to the geomagnetic¯eld. The localization of emission, the direction of propagation and polarization were in agreement with the theory of magnetosonic wave propagation in a toroidal waveguide inside the plasmasphere [e.g., Guglielmi et al., 1975; Kaladze et al., 1976; Perraut et al., 1982; Korth et al., 1984; McClements, 1996] . This phenomenon was recently reviewed by Guglielmi and Pokhotelov [1996] . This interpretation was further veri¯ed by measurements of these waves on IMP 6, Hawkeye 1 and Explorer 45 satellites [Taylor et al., 1975; Gurnett, 1976; Kintner and Gurnett, 1977] . Harmonically related ULF emissions were also observed by GEOS 1 and 2 [Perraut et al., 1978 [Perraut et al., , 1982 Laakso et al., 1990] and DE 1 satellites [Olsen et al., 1987; Gurnett and Inan, 1988] at higher altitudes (L = 4 ¡ 8).
The speci¯c feature of the toroidal waveguide surrounding the Earth is that there is no ordinary mechanism of dissipation, for example, absorption of waves at the ends of geomagnetic¯eld tubes. Therefore even a fairly small enhancement above marginal stability of ring current ions may lead to exponential growth of the wave amplitude. The necessary condition of instability at ion cyclotron harmonics is the nonmonotonic (loss cone or ring like) dependence of the distribution function f on the perpendicular velocity v ? , that is, @f=@v ? > 0. Korablev and Rudakov [1968] were the¯rst who put forward the idea of generation of waves near the ion gyrofrequencies due to this e®ect. Such an instability (so called the magnetoacoustic cyclotron instability or the thermonuclear instability) was later recognized to be important in laboratory plasma because it can be driven by fast ® particles arising as the result of thermonuclear reactions in tokamaks [Mikhailovskii, 1975] . The same mechanism for the generation of magnetosonic waves was used by Guglielmi et al. [1975] and Perraut et al. [1982] for the interpretation of magnetospheric ULF emissions. Kaladze et al. [1976] modi¯ed this approach accounting for the e®ects of¯eld{aligned inhomogeneity of the geomagnetic¯eld. They pointed out that this instability may be transformed into a kinetic (resonant) instability with a much smaller growth rate.
In a recent paper, Liu et al. [1994a] observed ULF emissions deep in the equatorial plasmasphere (L = 1:5 ¡ 2:5) during great magnetic storms. In contrast to previous studies the intensity of the emission was closely related to the oxygen{ion gyrofrequency and its low harmonics (n · 10), and the phase velocity of the wave was sometimes much smaller than Alfv ¶ en velocity c A = B 0 =(¹ 0 ½) 1=2 (B 0 is the ambient magnetic¯eld and ½ is the plasma density). These properties di®er from the theoretical approach elaborated in the above mentioned papers.
In this paper we will present an analytical model which may provide a better understanding of the generation mechanism of ion cyclotron harmonic waves during magnetic storms. In contrast to the previous approach we shall take into consideration the e®ects of multi{ion composition of magnetospheric plasma in the deep plasmasphere. In cold plasma approximation, similar e®ects were recently taken into account by Le Qu ¶ eau et al. [1993] in connection with ion \con-ics" observed by Rauch et al. [1993] on board the Aureol 3 satellite.
ULF Waves in Cold Multi{ion Plasma
Let us consider a low-frequency wave propagating in an inhomogeneous multicomponent cold plasma immersed in the external magnetic¯eld B 0 . We choose a Cartesian system of coordinates with z axis along the ambient magnetic¯eld, x axis is directed along the waveguide axis, and y axis completes the triad. Small oscillations of the electromagnetic¯eld are described by the following wave equation obtained from Faraday's and Ampere's laws [see Stix, 1962] :
where E is the wave electric¯eld, D = " 0 E +(i=!) P e j N j v j is the electric displacement, ! is the wave frequency, e j ; N j , and v j are the electric charge, number density, and velocity of each species, respectively, and " 0 and ¹ 0 stand for the permittivity and permeability of free space. Summation is carried out over particle species.
In accordance with the results of Liu et al. [1994a, b] we restrict our study to the frequency range − H + À !¸− O + , where − H + and − O + are the proton and oxygen gyrofrequency, respectively. In this limit we can neglect the electron inertia perpendicular to the external magnetic¯eld direction. Thus the electrons only undergo the E£B 0 drift across the ambient magnetic¯eld and fast motion along the magnetic¯eld at a velocity v ez = ¡(ie=!m e )E z ; where m e is the electron mass and e is the magnitude of electronic charge. On the other hand, because of the high mobility of electrons, we can neglect the motion of protons and oxygen ions along the magnetic¯eld. The velocities of protons and oxygen ions perpendicular to the magnetic¯eld in this approximation are equal to
whereẑ = B 0 =B 0 is the unit vector along the geomagnetic¯eld.
Similarly to Le Qu ¶ eau et al. [1993] , substituting (2) and (3) into (1), thus restricting ourselves in the following to the case of two dominant ions (protons and oxygens), we obtain
Here ³ = !z=c is the¯eld-aligned coordinate normalized by the vacuum wave length, c stands for the velocity of light, n ? = k ? c=! is the refractive index perpendicular to B 0 , and the dielectric constants " ? , g, and " k are de¯ned by the relations
1=2 is the Alfv ¶ en velocity de¯ned by the proton mass density,
1=2 is the bi-ion frequency (n ? = 1);
is the ratio of the oxygen and proton mass densities, and ! pe = (N e e 2 =" 0 m e ) 1=2 is the Langmuir frequency. The quasi{neutrality condition yields to the equation N e = N H + + N O + . The appearance of the bi-ion frequency is connected with the existence of polarization proton drift (the second term on right-hand side of (2)) in a multicomponent plasma.
The components of the perturbed magnetic¯eld can be easily found from Faraday's law to be
If d=d³ = 0 (°ute perturbations), then the general dispersion equations are separated into two parts: the ordinary wave
and the extraordinary wave
The ordinary wave is termed so because the magnetic eld does not in°uence the propagation of this wave in a cold plasma; that is, it propagates as an \ordinary" wave in a plasma without external magnetic¯eld. Figure 1 displays the dependence of transverse refractive index versus frequency for the extraordinary wave, and Figure 2 shows its dispersion. We see that in a multicomponent plasma the dispersion equation for this wave separates into two modes: a sub-Alfv ¶ enic wave which has a resonance at the bi-ion frequency ! bi and a super-Alfv ¶ enic wave with a cut{o® frequency at ! co . The latter mode is separated from the¯rst by an evanescent band. For small k ? the phase velocity of the sub{Alfv ¶ enic mode equals the ordinary Alfv ¶ en velocity and then exhibits a strong dispersion with increasing wave number. In this case it displays a signi¯cant decrease in phase velocity. The upper branch also undergoes a decrease in phase velocity, but it is always higher than Alfv ¶ en velocity.
For strictly perpendicular propagation the perturbation of the magnetic¯eld is only localized in the B z component which is probably not the general case in the observational data [e.g., Liu et al., 1994a] . Nevertheless, such simpli¯cation of the model allows us to understand the general features of the generation mechanism. The peculiarities of the oblique propagation are considered in section 4.
Instability Growth Rate
Let us now consider the generation of extraordinary waves in a multicomponent plasma containing a small mixture of hot particles. The dispersion equation of these waves at k z = 0 may be written in the form [see Guglielmi and Pokhotelov, 1996] 
Here the components of the dielectric tensor are expressed in the form " ij = " c ij + " h ij , where the superscripts c and h refer to the contribution of cold and hot plasma, respectively. On one hand, the components of the dielectric tensor from cold plasma are " On the other hand, the components of the dielectric tensor from hot plasma may be written in the form [Guglielmi and Pokhotelov, 1996 ]
where ! pj = (n j e 2 =" 0 m j ) 1=2 is the plasma frequency of j species, − j is its gyrofrequency, n j is the mass density of hot particles, J n denotes Bessel functions, » j = k ? v ? =− j , and R 1 0 fv ? dv ? = 1. Summation is carried out over all particle species.
Taking into account that the number density of hot particles is small relative to the number density of cold plasma, we may assume that " 
Opposite to the case considered by Guglielmi et al. [1975] when the main contribution of hot particles only comes from the " h xx component, it is now necessary to take into account all components of the dielectric tensor. After some straightforward calculations we obtain
where n O + stands for the hot oxygen ion number density. Near the oxygen harmonics ! ¼ n− O + , we make use of the expansion
(Generally speaking, in the near vicinity of the harmonics of the gyrofrequency it is necessary to take the thermal e®ects of the background plasma into account. However, the corresponding frequency shift caused by the thermal e®ects is much narrower than the width of the resonance peak [e.g., Guglielmi et al., 1975] . Therefore we can use dispersion equation (20) and de¯nition (22) for the growth rate everywhere outside a very narrow band in the vicinity of gyrofrequency harmonics.) According to the cold plasma approximation, D(!) !=n− O + = 0. Now supposing ! = n− O + + i°L, we¯nally obtain the expression for the linear growth rate°L°2
where
It is evident from (22) that the growth rate becomes positive only in the case when the distribution function of hot particles has a positive slope, that is, @f=@v ? > 0: This may be realized in case of loss cone or ring like distribution of hot oxygen ions. We¯nd the following approximate estimate for the growth rate°L
where v T is the thermal velocity of hot oxygen ions. In the general case, the components " h ij should also take into account the e®ect of¯eld{aligned inhomogeneity of the magnetic¯eld [e.g., Kaladze et al., 1976] . The importance of this e®ect may be evaluated using the following simple consideration. Near the equatorial region the geomagnetic¯eld may be expanded according to
2 ], where L is the McIllwain parameter, R E is the Earth's radius, and B eq is the equatorial value of the geomagnetic¯eld. The variation of the gyrofrequency during the particle motion then equals
Here it was estimated that z ¼ v T =°L. The¯eld{ aligned inhomogeneity is
where r O + = v T =− O + is the hot oxygen gyroradius. It follows from (25) that the inhomogeneity of the magnetic¯eld may be neglected when the hot oxygen number density is su±ciently high to ful¯ll the inequality (25). In the opposite case the e®ect of magnetic¯eld inhomogeneity has to be taken into account. Accordingly, the gyrofrequency averaged along the¯eld line becomes dependent on the energy " = v 2 =2 and the magnetic moment ¹ = v 2 ? =2B 0 (for details see, for example, Kaladze et al. [1976] ), that is,
1=2 is the¯eld-aligned particle velocity. This will result in the appearance of resonant wave-particle interaction (! ' n− À ! b , where ! b is the bounce frequency) which will lead to a weak instability with a growth rate°L / n O + instead of°L / n 
, where P denotes that the Cauchy principal value of the integral is to be taken at the singular point ! = n− O + .) Thus the whole scenario of the instability is as follows. At low oxygen densities when the inequality (25) fails, the oscillations grow with°L / n O + . However, this instability may be easily stabilized by quasi-linear e®ects, for example, because of the formation of a plateau in the distribution function. When the density of hot oxygen ions exceeds a certain critical value, the waves undergo a strong ampli¯cation with the growth rate given in (23).
Discussion
Now let us apply our theory in order to interpret the ULF wave observations with discrete spectra reported by Liu et al. [1994a] . The Akebone satellite was launched in February 1989 into an elliptical orbit with an apogee of 10; 500 km, perigee of 274 km, and inclination of 75:0 ± . Because of its low altitude, this satellite was able to monitor the region of the magnetosphere where a large amount of cold H + ions coexists with a su±cient mixture of cold O + ions of ionospheric origin. The data presented by Liu et al. [1994a] show the generation of ULF emissions with discrete spectra appearing in the deep plasmasphere at L = 1:5 ¡ 2:5 during great magnetic storms. Figure 1 of Liu et al. [1994a] shows multiband emissions which consist of harmonically spaced spectral bands near oxygen gyrofrequency harmonics. The number of harmonics n was less than 10. The higher harmonics were subject to strong nonlinear interactions. It should be mentioned that Russell et al. [1970] , who measured ELF emissions near proton gyrofrequency harmonics, observed high n numbers.
For numerical estimates we choose the following parameters:
and T H + = 2 £ 10 3 K. Substituting these values into (25) we obtain ² ¼ 10 ¡5 . A reasonable value of the parameter n O + =N H + during high geomagnetic activity, for example, during magnetic storms, is of the order of 10 ¡3 {10 ¡4 . Thus the inequality (25) is ful¯lled, and the e®ects of magnetic eld inhomogeneity may be neglected. On the other hand, during quiet times it is necessary to take the magnetic¯eld inhomogeneity into account. The estimate for the growth rate of the hydrodynamic instability thus gives°L ¼ 1 s ¡1 . In the upper branch the three{wave interactions are forbidden: !(k 1 )+ !(k 2 ) 6 = !(k 1 + k 2 ) for any k 1 and k 2 : It means that a weakly nonlinear dynamics of these oscillations is de¯ned only by induced scattering with thermal plasma. Thus we should expect a wave energy accumulation of super{Alfv ¶ enic oscillations near the lower harmonics as it was demonstrated by Liu et al. [1994a] . The rate of the induced scattering may be estimated according to the dimensional consider-
where W is the wave energy density. According to Liu et al. [1994a] , (k z =k ? ) 2 ¼ 0:1 and B z = 0:3 nT. Using this value, we come to the conclusion that°N L ¡1 À°L ¡1 ; that is, the rate of wave energy transfer into the region of small frequencies is low relative to the linear growth of the waves.
In order to discuss the polarization characteristics of the generated waves, let us introduce the components B R , B L , and B k , where B R = B x ¡ iB y and B L = B x + iB y are the components of right-handed and left-handed polarization in the plane perpendicular to the magnetic¯eld line and B k´Bz . For oblique propagation we obtain with the help of (10)-(12)
where (4) and (5) were Fourier-transformed along the z axis with the parallel wave number k z ¿ k ? . It follows from (27) and (28) that j B R j<j B L j for subAlfv ¶ enic waves and j B R j>j B L j for super-Alfv ¶ enic waves. This e®ect has a purely multicomponent origin and was observed experimentally by Liu et al. [1994a] . It should be mentioned that wave observations in a purely hydrogen plasma always found that j B R j>j B L j [Perraut et al., 1982] .
Finally, let us discuss the phase velocities of the generated waves. Liu et al. [1994a] also estimated the spectral densities ±E=±B of the Fourier components for some events and obtained phase velocities of several tens of kilometers per second to about 100 km s ¡1 , which, from their point of view, is much less than the Alfv ¶ en velocity in the vicinity of the Akebono orbit. According to our model the loss cone or ring like distribution of hot oxygen ions may generate two modes: super{Alfv ¶ enic and sub{Alfv ¶ enic waves. The phase velocity of the¯rst mode is always larger than the Alfv ¶ en velocity. On the other hand, the other (sub{ Alfv ¶ enic) branch undergoes a strong dispersion near the bi-ion frequency, and these oscillations may have phase velocities much smaller than the Alfv ¶ en velocity. It may be that Liu et al. [1994a] have only selected cases corresponding to sub{Alfv ¶ enic waves. For the veri¯cation of this concept it is necessary to perform a detailed ULF data analysis of Akebono satellite observations. Now let us consider the necessary conditions for the instability. It follows from (22) that the sign of the growth rate depends on the sign of the integral I
Integrating (30) by parts, we obtain
For the occurrence of the instability it is necessary that I > 0. Such a situation may appear in the case of \loss cone" or \ring like" distribution of the hot oxygen ions. Because we do not know the actual form of the distribution function, we may choose the simplest case of ring like distribution
where v ?0 is the oxygen ion \ring" velocity in the perpendicular direction. According to Geos 1 observations [Perraut et al., 1982] the appearance of proton harmonics coincided with the occurrence of so{ called proton rings with the distribution function similar to (32). It should be mentioned that these ring like distribution functions for protons were not systematically observed when magnetosonic waves were detected [Perraut et al., 1982] . Occasionally, loss cone distributions were also observed which can also provide the free energy for extraordinary waves. Substituting (32) into (31), we have
I is negative for small arguments » 0 = k ? v ?0 =− O + ¿ 1 and becomes positive at su±ciently high ring velocity v ?0 . In order to obtain an explicit expression for a marginal instability, let us consider the limiting case of a narrow stop band when´¿ 1. In this case the expression (33) reduces to
where v ph is the phase velocity of oscillations. The instability occurs when v ?0 > v ph , that is, when the ring velocity becomes larger than the wave phase velocity. This is similar to the Cherenkov radiation condition. When v ?0 =v ph is large, the envelope of the growth rate is oscillating. These oscillations re°ect interferences between Bessel functions. We consider them as unphysical because they would not appear with smooth distribution functions. It should be mentioned that the reversal of the sign of J n J 0 n occurs at larger values of v ?0 .
Conclusions
Let us now summarize the main results of our theory. The recent experimental study of ULF emissions detected on board the Akebone satellite gives a useful background for investigations of magnetospheric plasma stability at low altitudes. These emissions are strongly a®ected by ionospheric plasma, and one should expect to observe a signi¯cant role of O + ions in the wave dynamics. The initial observations of these emissions made by Kokubun et al. [1991] during relatively quiet magnetic activity demonstrated their close correlation with He + gyrofrequency and its harmonics. According to our model these oscillations may result in the generation of loss cone or ring like resonant instability with°L / n He + , leading to the excitation of ULF emissions near the helium ion cyclotron frequency and its harmonics. During great magnetic storms, when a su±ciently high mixture of ionospheric O + ions is observed, a switch to a stronger instability with°/ (n O + ) 1=2 is possible. The latter instability may generate both sub{Alfv ¶ enic and super{Alfv ¶ enic waves near oxygen gyrofrequency harmonics. These waves undergo complex nonlinear interactions which can be studied by means of detailed data analysis. is the Alfv ¶ en velocity de¯ned by proton mass density.
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